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A CHARACTERIZATION OF POLYNOMIALS AMONG 
RATIONAL FUNCTIONS IN NON-ARCHIMEDEAN AND 
COMPLEX DYNAMICS 


YUSUKE OKUYAMA AND MALGORZATA STAWISKA 

Abstract. From the viewpoint of dynamics and potential theory on 
the Berkovich projective line, we give a characterization of polynomi¬ 
als among rational functions, up to rational functions having poten¬ 
tially good reductions as exceptions, on the projective line over an alge¬ 
braically closed held of any characteristic that is complete with respect 
to a non-trivial and possibly non-archimedean absolute value. 


1. Introduction 

Let K be an algebraically closed field of any characteristic that is complete 
with respect to a non-trivial and possibly non-archimedean absolute value 
I • I. It is known that A = C if and only if K is archimedean. The Berkovich 
projective line = P^{K) is a compact augmentation of the (classical) 
projective line = P^(A), which contains P^ as its dense subset, and 

pi ^ pi only if K is archimedean. Our aim is to contribute to the 

study of a characterization of polynomials among rational functions on P^ 
of degree > 1, up to rational functions having potentially good reductions as 
exceptions, from the point of view of dynamics and potential theory on the 
Berkovich projective line. 

Let f ^ K{z) he a. rational function of degree d> 1. 

Fatou-Julia terminology. The action of / on P^ uniquely extends to a 
continuous, open, and surjective endomorphism on P^ with discrete hbers. 
Set /”■ := fof^~^ for each n G N and := Id. The Berkovich Julia set of / 
is the set of all points <S G P^ such that for every open neighborhood [/ of 5 in 
P^\E{f), where E(/) := {a G P^ : /“”(«) < 

is the (classical) exceptional set of /, and the Berkovich Fatou set of / 
is dehned as F(/) := P^ \ J(/). By the definitions, J(/) and F(/) are 
respectively closed and open in P^ and are /-totally invariant, that is, 
/-i(J(/)) = J(/) = /(J(/)) and /'^(F(/)) = F(/) = /(F(/)). Moreover, 
for every a G E{f), /"^(a) = {a} for some A G N, so that E{f) C F(/) and 
E(f) is at most countable. The fact J(/) 7 ^ 0 is not trivial, in particular, 
for non-archimedean K (see Remark EH). A component of F(/) is called 
a Berkovich Fatou component of /. A Berkovich Fatou component of / is 
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mapped by / properly and onto a Berkovich Fatou component of /, and ev¬ 
ery component of the preimage of a Berkovich Fatou component of / under 
/ is a Berkovich Fatou component of /. 

Measures associated to /. The action of / on admits the f-equilibrium 
{or canonical) measure fj,f on P^, which is characterized as the unique prob¬ 
ability Radon measure u on P^ whose support is in J(/) and which satisfies 
the f-balaneed property f*v = d ■ u on (see Eemark lii.Sp . Moreover, 
suppfj-f = J(/) (see ^33]). 

If oo € F(/), then / has the Berkovich Fatou component Dqo = Doo{f) 
containing oo, and P^ \ L>oo is a (non-empty) compact subset of logarithmic 
capacity > 0 with pole oo. There exists the unique equilibrium mass distri¬ 
bution Uoo ■= i^oo,pi\Z)oo \Dod with pole oo (see ^2.51 for the details on 

logarithmic potential theory). 

A terminology related to a reduction of /. It is convenient to adopt the 
following terminology; / has a potentially good reduction if there is a (non- 
classical) point So € P^ \ =: such that # UneN/~"^(‘^o) < oo; then, 

indeed J(/) = {iSq} (see Bemark 13.91 This property is indeed equivalent to 
/ having a simple reduction in [3l Definition 10.3]). Otherwise, / has no 
potentially good reductions. For archimedean K, f never has a potentially 
good reduction. 

Main result. Our principal result is the following characterization of poly¬ 
nomials among rational functions, up to rational functions having potentially 
good reductions as exceptions. 

Theorem 1. Let K be an algebraically closed field of any characteristic 
that is complete with respect to a non-trivial and possibly non-archimedean 
absolute value | • |, and let f € K{z) be a rational function of degree > 1. 

If f has no potentially good reductions, then the following statements are 
equivalent 

(i) / € K[z]; 

(ii) oo G F(/), /(oo) = oo, and pig = Uoo on P^. 

If in addition K is archimedean, then @ and (jn]) are also equivalent to 
(hi) oo G F(/), f{Doo) = Doo, and p,f = Voo on P^ 

If f has a potentially good reduction, then oo G F(/) and p,f = on P^. 

For non-archimedean K, even if / has no potentially good reductions, 
(finll does not necessarily imply ([n|); see Remark 14.51 

For archimedean K, the equivalence between (jl]) and (In|) is due to Lopes 
[T5] (see also Lalley [ISl §6] for another proof of Lopes’s theorem, and also 
Oba-Pitcher [211 Theorem 6] and Mane-Da Rocha [19] for related studies 
for archimedean K), and the stronger equivalence between (jl]) and (liii|) was 
established by the present authors in [251 Theorem Ij. All the arguments 
by Lopes, Lalley, and the present authors were based on a certain identity 
theorem for real-analytic curves in C (cf. [20|), which does not work for 
non-archimedean K. 
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The proof of Theorem [T] is based on a potential theory on P^, which 
has been, for non-archimedean K, developed by Baker-Rumely [3], Favre- 
Jonsson m, Favre-Rivera-Letelier ca, and Thuillier [29]. 

Organization of this article. In Sections O and jS] we prepare a back- 
gronnd material from potential theory and dynamics, respectively. In Sec¬ 
tion H] we show Theorem [TJ We also analyze what is the best scenario in the 
case when K is non-archimedean and / has no potentially good reductions 
in Remark 14.51 


2. Background from potential theory on 


Let K be an algebraically closed field that is complete with respect to 
a non-trivial absolute value | ■ |. The norm | • | or RT is non-archimedean 
if the strong triangle inequality \z -\- w\ < max{| 2 :|, |t(;|} {z,w G K) holds 
(and then the equality holds if \z\ ^ |r(;|), and is archimedean if it is not 
non-archimedean. For non-archimedean K, let Ok ■= {z G K : \z\ < 1} be 
the ring of RT-integers. 


Notation 2.1. The origin of is, possibly ambiguously but simply, also 
denoted by 0, and tt is the canonical projection \ {0} —>■ = P^(Rr) = 

R'U{oo} such that T^{po,Pi) = Pijpo ifpo 7^ 0 and that vr(pO)Pi) = oo ifpo = 
0. On RT^, let ||(pO)Pi)|| be either the maximum norm max{|po|, bi|} (for 
non-archimedean K) or the Euclidean one \/|pop + \pi\^ (for archimedean 
RT). With the wedge product {po,pi) A {qo,qi) '■= Poqi — Piqo on x RT^, 
the normalized chordal metric [z, w] on P^ is the function 


[z,w] := 


b Ag| 

Ibll • lib 


(< 1 ) 


on P^ X P^, where p G vr ^(z), q G vr ^{w). 


For the foundation of Berkovich spaces, see |^. For the foundation of po¬ 
tential theory on P^, see O §5, §8], [HI §7] (on valuative trees), [HI §3], [2S] 
(on Berkovich curves), [151 §l-§4] (a survey), [30l Chapter III] (on P^(C)), 
and m (on weighted potential theory and a Gauss variational problem). 

In what follows, we adopt a presentation from [23] §2, §3]. 


2.1. The Berkovich projective line P^ for non-archimedean K. In 

this subsection, we assume that K is non-archimedean. 

A subset R in R' is called a (RT-closed) disk in K if B = {z £ K : b —a| < 
r} for some a £ K and some r > 0; then, by the strong triangle inequality, 
for every a' £ B, we have {z £ K : |z —o'j < r} = B, and we set diamR := r, 
which indeed equals the diameter of B with respect to | • | if ^ ^ l-^l- A 
sequence (Rn) of disks in K is said to be non-increasing if Rn+i C Bn for 
every re G N. 

By the strong triangle inequality, two disks in K either nest or are dis¬ 
joint. This alternative for two disks in K extends to that for two non¬ 
increasing infinite sequences of disks in K so that they either infinitely nest 
or are eventually disjoint. This induces a so called cofinal equivalence rela¬ 
tion among them. Instead of giving a formal definition of this equivalence 
relation, we will present some of its practical consequences; each point a £ K 
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is regarded as the cofinal equivalence class of the constant sequence {Bn) of 
the disks Bn = {a} in K (so diami?„ = 0). More generally, for every cofinal 
equivalence class 5 of a non-increasing infinite sequence (Bn) of disks in K, 
Bs := ClneN is independent of choices of the representative {Bn) of S, 
and if Bg ^ 0 , then Bs is still a disk in K, S is represented by the constant 
sequence {Bn) of the disks Bn = Bs in K, and we also say S is represented 
by the disk Bs itself in this case. For example, the canonical {or Gauss) 
point 5can in is represented by the disk Ok in K. The set = A^{K) of 
all cofinal equivalence classes S of non-increasing infinite sequences of disks 
in K is nothing but \ {oo}, as a set ([6l p. 17]; see also 13 § 2 ], m §3], 
[3 §6.1]). The is the Berkovich affine line. 

The above alternative for two non-increasing infinite sequences of disks 
in K induces a partial ordering ^ on P^; for every S,S' € P^ satisfying 
Bs,Bs' 7 ^ 0, <S ^ <S' if and only if Bs D Bs' (the description is a little 
complicated when one of Bs,Bs' equals 0). For every S,S' € P^ satisfying 
<S ^ S', the segment between S and S' in is the set of all points S" G P^ 
satisfying S S" S', which can be equipped with either the ordering 
induced by ^ on P^ or its opposite one. All those (oriented) segments make 
P^ a tree in the sense of Jonsson; see [151 §2, Definition 2.2]. 

The (Gel’fand) topology of P^ is the weak topology on P^ as a tree. 
In this topology, (a) a Berkovich open disk in P^ is either a Berkovich 
open disk in A^ written as D(<S,a) := {.S' G A^ : 5' ^ S" for some S" G 
A^ \ {5} satisfying a ^ 5" ^ 5} for some 5 G A^ and some a £ K satisfy¬ 
ing a ^ 5 or the complement D(5,oo) := P^ \ D(5) of a Berkovich closed 
disk D(5) := {5' G A^ : 5' ^ 5} in A^ for some 5 G A^, (b) a Berkovich 
connected open affinoid (or a simple domain) in P^ is the non-empty inter¬ 
section of some finitely many Berkovich open disks in P^, and (c) the set of 
all Berkovich connected open affinoids in P^ is an open basis of the topol¬ 
ogy of P^. For every 5 G A^ and every a £ K satisfying a ^ S, we have 
50(5, o) = 5D(5, oo) = {5} and both D(5,a) and D(5,oo) are connected 
components of P^ \ {5}, and every Berkovich connected open affinoid in 
P^ is indeed connected. Moreover, P^ is compact, Hausdorff, and uniquely 
arcwise connected, and contains both and the hyperbolic space 

= H\K) := P^ \pi 

as dense subsets (cf. [3l §2.2]). Although the topology on P^ is not always 
metrizable, the relative topology on P^ as a subset of P^ coincides with the 
topology on P^ induced by the normalized chordal metric [ 2 :,rc]. 

For each S £ P^ \ {oo}, we set diam5 := limn->.cxD diamB„, where {Bn) is 
a representative of S. This diam5 is well-defined, equals diamB^ if Bs / 0 , 
and is positive if and only if 5 G H^. The big model {or hyperbolic) metric p 
on is a path metric on so that for every S,S' £ satisfying 5 ^ S', 
p{S,S') = log(diam5/diam5') (see, e.g., [3 §2-7]). The topology on 
induced by p is stronger than the relative topology on as a subset in P^, 
and will not be used in this article. 

2.2. The action of rational fnnctions on P^. Let (f) £ K{z) he a, rational 
function of degree do £ N U {0}. The action of cj) on P^ uniquely extends 
to a continuous endomorphism on P^. If do > 0, then the action of 4> on 
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is surjective and open, has discrete fibers, and preserves both and 
for non-archimedean K, and the local degree function z i—deg^ (j) on P^ also 
canonically extends to so that '^s'&<f>-^{S) deg^/ 4> = do for every S G P^. 
Let 6s be the Dirac measure on P^ at an arbitrary point 5 G P^. If do > 0, 
then the action of (/> on P^ induces the push-forward i;/)* and the pullback cj)* 
on the space of all continuous functions on P^ and, by duality, those of all 
Radon measures on P^; more concretely, for every continuous test function 
h on P\ (^*/i)(-) = X] 5 'G 0 -i(-)(‘ieg 5 ' </>) • h{S') on P^ and, for every S G P^, 
= E5'G0-i(5)(deg5' 4>) ■ ^S' on pi (see [3 §9], [131 §2.2]). 

Fact 2.2. For non-archimedean K,\i (j) ^ K[z\ and is of degree > 0, then the 
preimage of a Berkovich open disk in under (j) consists of finitely many 
components, each of which is a Berkovich open disk in (cf. [31 Lemma 
9.12]). 

2.3. Generalized Hsia kernels on pi. For non-archimedean K, the gen¬ 
eralized Hsia kernel [5,5']can on pi with respect to 5can is the unique (jointly) 
upper semicontinuous and separately continuous extension of the function 
{z^w) i-A [z^w] onPixPi to P^xPi; the function log[5,5']can on HixHi is re¬ 
garded as a Gromov product on Hi x Hi in that log [5,5']can = — p{S", Scan)j 
where S" is the unique point in Hi lying between S and S', between S' and 
5can5 and between 5can and S (see [31 §4.4], [121 §3-4]). For archimedean K 
(so pi = pi), by convention, the kernel [z,w\can is defined by [z,w\. 


Fact 2.3. The subgroup Uk defined by either PSU{2,K) (for archimedean 
K) or PGL{2, Ok) (for non-archimedean K) in PGL{2, K) acts on (pi, [z, rr]) 
isometrically (for non-archimedean K, cf. [5l §1]), that is, for every h G Uk, 
[h{S), h{S')]can = [‘5,5']can on pi X pi, which in turn holds on pi x pi by 
the density of pi in pi and the separate continuity of both sides on pi x pi. 


For every Sq G pi, define the function 


( 2 . 1 ) 


[‘5,5']5o 


[>S,5o] 


[5, 5^] can 
can • [*5', iSq] 


can 


on pi X pi, where for every S G pi, [5,5o]5o = [‘5o,5]5o := l/[<So,5o]can G 
[l,-|-oo]. For non-archimedean K, this is the generalized Hsia kernel on pi 
with respect to an arbitrary point 5o G pi (see [31 §4.4]). 


Fact 2.4. For non-archimedean K, the kernel [iS,iS'] 5 o on pi satisfies the 
strong triangle inequality [iS,iS"] 5 o < max{[5, 5']5 q, [5', {S,S',S" G 
pi), and moreover, the equality holds if [5,5']5o ^ [5',5"]5q (see [31 Propo¬ 
sition 4.10]). 


Note that the difference S — S' itself is not defined unless both S^S' are in 
K. However, the function {z, w) \z — w\ on K x K has a unique (jointly) 
upper semicontinuous and separately continuous extension to Ai x Ai, which 
coincides with {S,S') i-)- [iS,5']oo- We set |5 — 5'|oo := [‘5,iS']oo on pi x pi. 

Remark 2.5. If K is non-archimedean, then for every <S G Pi represented by 
a disk G iF : |z — a| < r} in iL for some a £ K and some r > 0, we have 
D(>S, a) = {iS G pi : |<S — a|oo < r} and D(5, oo) = {5 G Pi : |iS — o|oo > r}. 
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We also set |<S|oo := |<5 — 0|oo on P^, so that for every P{z) G K[z], the 
function S i-A |P(<S)|oo on restricts to the unique continuous extension of 
the function z i-A \P{z)\ on K to and, if degP > 0, then 

|P(5)|oo = |c| • nt«GP-i{0) l‘^ “ on P\ 

where c := Imiz^oo P{z)/(z K\ {0} is the coefficient of the maximal 
degree term of P{z) G K\z\. 

2.4. The Laplacian A on P^. Let us denote by rican the Dirac measure 

'^<Scan ^t iScan for non-archimedean K or the Fubini-Study area ele¬ 

ment uj on normalized as cu(P^) = 1 for archimedean K. Let A be the 
(distributional) Laplacian on P^ (for the details of the construction for non- 
archimedean K in terms of p on H^, see O §5], [HI §7.7], [29l §3]) normalized 
so that for every <S G P^, 

A log[-,5]can — f^can On P 

(for non-archimedean K, see O Example 5.19], [121 §2.4]; in [3] the opposite 
sign convention on A is adopted). 

2.5. Logarithmic potential theory on P^. For every <So G P^ and every 
Radon measure u on P^ whose support is in P^ \ {>5o}, the logarithmic 
potential of v on P^ with respect to <So (or with pole Sq if Sq G P^) is the 
function 

PSo,iyi-) ■= [ log[-,5']5odp(5') 

4pi 

on P^. For every compact subset C in P^ and every 5 G P^ \ C, let Ds^c be 
the component of P^ \ C containing S. A non-empty compact subset C in 
P^ is of logarithmic capacity > 0 with respect to a point iSq G P^ \C' (or with 
pole Sq if 5o G P^ \ C) if the supremum Vsq (C) of the logarithmic energy 
functional 

Isow ■= / S [- 00 , +oo) 

Jp^ 

with respect to Sq (or with pole Sq if iSq G P^ \ C) is > — oo, where v ranges 
over all probability Radon measures on P^ whose supports are in C. Then, 
for every S G Dsq,c-, (we have Ds,c = Pso,c and) the above Vs{C) is 
still > —oo, and there is the unique probability Radon measure 1 ^ 3,0 on P^ 
whose support is in C and which satisfies the equality Is,us c ~ ^s{C)- This 
measure 1^3,0 is called the equilibrium mass distribution on C with respect 
to S (or with pole S if in addition S G P^), satisfying the inequalities 

PS,us,c ^ ^S,us,c on P^ and Ps,us,c > ^S,us,c on Ds^c, 

the equality suppi/^^c = dDs^, and, if in addition ps^vs c i® continuous on 
P^ \ {5}, the identity 

PS,us,c ~ ^S,us,c OR P \ Ds,C 

(see [21 §6.2, §6.3] for non-archimedean K, and [301 III. §11] for archimedean 
K, up to isometry on (P^, [z,w])). 
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Remark 2.6. (a) For every non-empty compact subset C C P^\{oo}of 
logarithmic capacity > 0 with pole oo and every m{z) = az + h ^ K\z\ for 
some a G iir\{0} and some b € K,we have 14o(m,(C')) = V"oo(C')-|-log \a\ and 
7R*(Poo,c) = ^oo,m{c) (t>) By Fact 12.31 for every non-empty compact 

subset C in of logarithmic capacity > 0 with pole zq £ \ C* and every 

m{z) € Uk, we have Ki(^o)(m(C')) = 14o(C') and = i'm{zo)MC) on 

P^. (c) In particular, for every compact subset C in P^ and every zq G K\C, 
setting m{z) = l/(z — zq) G PGL{2, K), we have I4o(m(C')) = Vzq{C) and 
= ^ooMC) on P^ 

Remark 2.7. By Fact 12.41 for every non-empty compact subset C in P^\{oo} 
and every zq G Dc^oo so close to oo that [zq^oo] < inf5gc'[5,zo]can(> 0), we 
have [•, oojcan = [u -^olcan on C, so that [5,5']oo = [5, on C x C, and if in 
addition C is of logarithmic capacity > 0 with pole oo, then Voo{C) = Vzq{C) 
and Voofi = ^zo,C on Pb 

Example 2.8. For every Sq G H^, the Berkovich closed disk D(5o) in is a 
compact subset in P^ \ {oo} of logarithmic capacity > 0 with pole oo such 
that 5D(5o) = {5o} and that D(5o) ~ 

2.6. Potential theory on P^ with a continnons weight. A continuous 
weight on P^ is a continuous function on P^ such that := /S.g + fican is 
a probability Radon measure on P^. For a continuous weight g on P^, the 
g-potential kernel on P^ (the negative of an Arakelov Green kernel function 
on P^ relative to /U® O §8.10]) is a (jointly) upper semicontinuous function 

(2.2) ^giS, S') := log[5,5']can - 5(5) - 5(5') 

on P^ X P^. For every Radon measure v on P^, the g-potential of v on P^ is 
the function 

UgA-) ■■= [ <f>3(-,5')dl.(5') 

5pi 

on P^. The g-equilibrium energy Vg of {the whole) P^ is the supremum of 
the g-energy functional 

u Ig^„ := / Ug^udn e [-oo,-\-oo), 

5pi 

where n ranges over all probability Radon measures on P^; indeed G M 
since Jpi Ug^^dQcan > — oo. As in the logarithmic potential theory, there is 
the unique probability Radon measure on P^ such that Ig^^g = Vg, which 
is called the g-equilibrium mass distribution on P^, and which satisfies the 
identity Ug^,yg = on P^. Indeed, = /i® on P^ (for non-archimedean K, 
see [31 Theorem 8.67, Proposition 8.70]). 

A continuous weight g on P^ is called a normalized weight on P^ if = 0. 
For a continuous weight g on P^, 'g := g -\-Vg/2 is the unique normalized 
weight on P^ satisfying = /i®. 

3. Background from dynamics on P^ 

Let K be an algebraically closed field that is complete with respect to a 
non-trivial absolute value j • j. Let / G iL(z) be a rational function of degree 
d > 1. 
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Fact 3.1. The classical Julia and Fatou sets, J(/)nP^ and F(/)nP^, respec¬ 
tively, of / are also /-totally invariant and, by /“^(J(/) n P^) C J(/) n P^ 
and E{f) C F(/), we have either J(/) n P^ = 0 or #(J(/) n P^) = -Foo. 

Fact 3.2. For every m{z) € PGL[2, K), mo f o m~^ has a potentially good 
reduction if and only if / does. 

For a potential-theoretic study of dynamics on see O §10], 

[THl §3] (for non-archimedean K), [T51 §5] (a survey), [71 Chapitre VIII] (on 
P^(C)). In the following, we adopt a presentation from (231 §8.1]. 


3.1. The /-equilibrium measure on P^. For each / € N U {0}, let 
K\po,pi]j be the set of all homogeneous elements of K\pQ,pi] of degree /, as 
usual. We call F £ u iGNu{o}(^fe’o,Pi]iX/s:[po,Pi]j) a H/tof / if vroF = fair 
on \ {0} and F“^(0) = {0}; a lift F = {Fq,Fi) of / is unique up to 
multiplication in K \ {0} and indeed in K\pQ,pi]d x K\pQ,pi]ii, and setting 
do ■= if*doo){P^ \ {oo}) and di := if*6o){P^ \ {oo}) and letting c^,cf € 
iF\{0} be the coefficients of the maximal degree terms of Fo(l, z), Fi(l, z) G 
K[z], respectively, the condition F“^(0) = {0} is equivalent to 

ResF := (c^)^-‘'i • (cf • F(Fo(l, •), Ti(l, •)) / 0, 

where R{P, Q) G K is the resultant of P{z), Q{z) £ K[z] (for the details on 
the homogeneous resultant ResF of F, see e.g. [281 §2.4]). 

Let F be a lift of /. For every n G N, setting F” = F o F^~^ and 
F^ := Id^z, the iteration F^ of F is a lift of /"■, and the function 

Tpn :=log||F”|| -d”-log II • II 


on F'^\{0} descends to P^ and in turn extends continuously to P^, satisfying 
the equality ATpn = {f'^)*^can — dP ■ flcan on P^ (see, e.g., [22l Definition 
2.8]). The dynamical Green function of F on P^ is the uniform limit qf ■= 
lim„_j.oo Tpn/d” on P^, which is a continuous weight on P^. The remarkable 
energy formula 


(3.1) 


log I ResF| 
d(d- 1) 


was obtained by DeMarco [TO] for archimedean RT by a dynamical argument, 
and by Baker-Rumely [2] when / is defined over a number field; see Baker 
[11 Appendix A] or the present authors [2S1 Appendix] for a simple and 
potential-theoretic proof, which works for general K. 

The equilibrium (or canonical) measure of f is the probability Radon 
measure 

(P)*Dcan 1 

Pf := Agp + Dean = bm - — - on P\ 

n—>-oo oP 

where the limit is taken in the weak-* sense on P^. The measure Pf is 
independent of the choice of the lift F of /, has no atoms in P^, and satisfies 
the /-balanced property f*Pf = d ■ pf, as well as the weaker /-invariance 
f*Pf = Pf, on P^ (for non-archimedean K, see [3l §10], [9l §2], [T3l §3.1]). 
Moreover, for every n £ N, pfn = pf on . 


Fact 3.3. For every m{z) £ PSL(2,iF), Pmofom-^ = m^pf on P^, m(J(/)) = 
J(m o / o m~^), and m(F(/)) = F(m o / o m~^). 




A CHARACTERIZATION OF POLYNOMIALS 


9 


3.2. The dynamical Green function gf of / on P^. The dynamical 

Green function gj of f on is the unique normalized weight on such 
that = gf. By (13.11) and the equality gcF = dF + (log|c|)/(d — 1) on 
P^ for every c G K*, there is a lift F oi f normalized so that Vgp = 0, or 
equivalently, that gF = gf on P^. Such a normalized lift F is unique up 
to multiplication va. {z G K : \z\ = 1}. By gf = gF = hm„_,.oo Tpnon 
P^, for every n € N, we have gF’^ = 5/^ = 5/ on P^, gfn = gf on P^, and 
Vp’n = Vf = 0. We also have = ddim^^oo = d-gf—TF 

on that is, 

(3.2) d-gf - gf o f = Tf 

on P^, and in turn on P^ by the density of P^ in P^ and the continuity of 
both sides on P^ (cf. [241 Proof of Lemma 2.4]). 

3.3. The root divisor [f^ = f^] and proximity functions between / 

and Id. For every n G N and every A; G N U {0} less than n, let [/" = /^] 
be the divisor on P^ defined by all roots of the equation /"■ = in P^ 
taking into account their multiplicities, which is also regarded as the discrete 
positive Radon measure (ord^[/’' = /^]) • du, on P^; in 

particular, [/"■ = /^] = (/^)*[/"'“^ = Id] on P^. 

The chordal proximity function 2 ; 1 —)• [f{z),z] between / and Id on P^ 
uniquely extends to a continuous function S i-A [/, Id]can(‘5) on P^; set 

(3.3) 1/ - Idjoo := [/, Id]can • [/(•)> • [•> ooKTan and 

(3.4) 4>(/, Id)g^ := log[/, Id]can - gf o f - gf 

on P^ (for more details, see [221 Proposition 2.9, Lemma 2.19, Remark 2.10]). 

3.4. Potential-theoretic lemmas for /. Recall that a function F from a 
topological space S to {—00} U M is continuous if expF : S —)■ [0, +00) is 
continuous, where we set exp (—00) := 0, as usual. 

Lemma 3.4. For every 5 G P^, 

(3.5) = onP\ 

Proof. Fix a lift F of f normalized so that gF = gf on P^. Let w G 
P^ and fix VF G 7r“^(r(;). Choose a sequence = (<?o'^\<?P^))^=i in 

\ {0} such that F{pQ,pi) A IT G K\po,pi]d factors as F{pQ,pi) A IT = 
Y['j=i{{Po,Pi)h.q^^'>) mK\po,pi], which with (13.21) implies that (/(•), tc)- 
= -(5/(«^) + loglJlTll) + X;j=i(d/(7r(g(^))) + logllg(^)ll) =; C 
on P^, and in turn on P^ by the density of P^ in P^ and the continuity 
of the (exp of the) both sides on P^. Integrating both sides against dgf 
over Pi, since /pi Ug^j*s^dgf = /pi Ug^^^jd.{f*5.^) = 0 and Ug^j^g^iw) = 
Ugg^ij,f{w) = 0 by Ugj^g_j = 0 and f^.gf = gf on P^, respectively, we have 
c = /pi (/(•),rc)d^/ = Jpi^gj{w,f{-))dgf = Ugjj^gj{w) = 0. This 
completes the proof of (|3.5p in the case 5 = u) G P^ . 

Fix 5 G H^. By the density of P^ in P^, there is a sequence {wn) in P^ tend¬ 
ing to 5 as n —)• oo. Then lim„_ioo f*dwn = f*ds weakly on P^ and, for every 
n G N, by ([32]) applied to 5 = Wn G P/ we have (/(•), iCn) = Ugjj* 5 ^^{-) 
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on P^. Hence, for each S' G H^, by the continuity of both •) 

and ^>3^(5',-) on P\ we have ^gj^(f(S'),S) = linin-^oo ^gf(f(S'), Wn) = 
limn-f-oo ^gf (‘^') = Ugjj*Sg{S'). This completes the proof of (13.51) by 
the density of in P^ and the continuity of both ^g^{f{-),S) and Ug^j*Sg (•) 
on P^. □ 

Lemma 3.5. On P^, 

(3.6) ^{f,ld)gf =Ug^^y=M]. 

Proof. Fix a lift F oi f normalized so that gp = 5/ on P^. Choose a 
sequence in \ {0} so that {F A Id)(po 5 Pi) G K\pQ^pi\(i+i fac¬ 

tors as {F A Id)(po,Pi) = Y\'jtl{iPo,Pi) A Qj) in K\po,pi], which with ([32]) 
implies that ^>(/,Id) 3 ^ - Cgj.,[/=id] = + log|kj||) =: C on 

and in turn on P^ by the density of in P^ and the continuity of 
the (exp of the) both sides on P^. Integrating both sides against dpf 
over P\ since /pi Ug^^if=iA]dpf = /pi = Id] = 0 by = 0 

on P^, we have C = /pi ^{f,ld)g^dpf, so that we first have <h(/, Id)^^. = 
C/gj.,[/=id] + /pi ^(/,Id) 3 ^d/i/ on Pi. 

Fix zq G P^ \ supp[/ = Id]. Then using the above equality twice, by 
/*[/ = Id] = [/ = Id] on P^ and (|3.5|) . we have 

^gf{f{zo),Zo) - ^{f,ld)gfdpf 
= Ug,,[f=M]iZ0) = Ug^j^[f^,4zo) = ^g,{zo, = Id])(-) 

= ^g^{zo,f{-))d[f = Id](-) = Ug^j*s.gd[f = Id] 

=c/3„[/=id]d(r4o) = (d>(/,id)3, - c^(/,id)3,d/x/)d(r5,j 

= <^{f, Id)3,d(r4o) -d- Id),,d///, 

and moreover, /piCl)(/,Id)3,d(/*4J = Ug^j^sJzo) = <^g^if{zo),zo) by 
(1231)- Hence {d — 1) /pi ^{f,ld)g^dpf = 0. By d > 1, we have 

(3.7) ^^d>(/,id)3,d/i/ = 0, 

which completes the proof. □ 

3.5. The equality supp/i/- = J(/). We note that supp/i/ E{f) since pj 
has no atoms in P^ (see 113.11) and E{f) is at most countable (see 31]) • The 
inclusion J(/) C supppf holds by supp/xj ^ E{f), the definition of J(/), 
and the /-balanced property f*Pf = d ■ pj on P^, but the reverse inclusion 
supppf C J(/) is not trivial, and neither is the non-emptiness of J(/). 

The following is a weaker version of the so called equidistribution the¬ 
orem of the sequence {{/'')*5s/dP) of the iterated preimages of a point 
5 G P^ \ E{f) towards pf (Brolin [8|, Lyubich [T7] . Freire-Lopes-Mahe 
|14j for archimedean K and Favre-Rivera-Letelier [131 Theoremes] for non- 
archimedean K). 
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Proposition 3.6. For every S € supp/ij, yLj = 6s/dF weakly 

on P^. 


Proof. We claim that for every <S € and every infinite sequence {uj) in 
N, {■),S)/dPi = 0 fif-a.e. on P^; indeed, for every 5 € P^ 

and every j € N, we have suppi {■),S) < 2 • suppi \gf\ < oo. In 

particular, < 0 on P^. On the other hand, by 

f*Ff = Ff and Ug^^gj = 0 on P^ we also have /pi ^>g^(/"'j(-),5)d^/(-) = 
/pic^3,(5,r^(-))d^;(-) = = Ug^,g^[S) = 0. Hence by Pa¬ 

tou’s lemma, we also have 0 < Jpi{limsupj^^^gj.{f^^ {■),S)/d'^^)diJ.f{-), 
and the claim holds. 

Fix S € suppfif, and let p = limj^oo(/"'-’)*<^5/rf™-’ be any weak limit 
point of {{/"')*6s/d^) on P^. Then suppp C supp/i/ by = d ■ gj on 
Ph By d^, for every n G N, <^g^{P{-),S)/d^ = Ug^^(^fnpss/dr^{-) on P^ 
so that by a truncation argument, linisupj^^^gj.{f'^^{-),S)/d"'i < Ug^^v{-) 
on P^. By this and the above claim, we have Ug^^y > 0 on gf-a.e. on P^, 
and in turn on supply by the upper semicontinuity of Ug^^y on P^. By this 
and suppi/ C supp/x/, we have Igf,y = fg^pp^j. > 0 = Vgj., so that 

1 / = =: fjLf on P^. □ 


Let us see the inclusion supp/xj C J(/) assuming J(/) ^ 0. Suppose to the 
contrary that supp/xj (fi J(/). Then /x/(P^ \ J(/)) > 0, so that by the inner 
regularity of /xj on open subsets in P^, there is a non-negative continuous 
function h on P^ such that supp/i C P^\J(/) and that /pi /xd/x/ > 0. Fixing 
5 G J(/)(C supp/x/n(pi \.F(/))), bysupp/iC P^\J(/), /"''(J(/)) C J(/) 
for every n G N, and Proposition 13.61 we have 


0 = lim 

n^co /pl\j(/) 


I 




Ipi 




d^ 


ipi 


which is a contradiction. 

Once the equality supp/xj = J(/) is at our disposal, then with gfn = gj 
on P^ for every n G N, it will also yield J(/") = J(/) and F(/”) = F(/) for 
every n G N. 


Remark 3.7. The full version of the equidistribution theorem, which can 
also be seen by a purely potential-theoretic argument (see [l5])5 implies 
supp/x/ C J(/) without assuming J(/) / 0, hence it also gives a purely 
potential-theoretic proof of J(/) ^ 0. 

Remark 3.8. By an argument involving the dominated convergence theorem. 
Proposition 13.61 characterizes /xj as the unique probability Radon measure u 
on P^ whose support is in J(/) and which satisfies the /-balanced property 
/*!/ = d - V on P^. 

Remark 3.9. Suppose that / has a potentially good reduction. Fix 5o G Fl^ 
such that #UneN/~''(‘5o) < oo. Then by Sq 0 E{f){c P^) and J(/) ^ 0, 
we have J(/) n UnGN/~”(‘^o) 7^ 0j which with /(J(/)) = J(/) implies that 
<So G J(/) = suppfif. On the other hand, by a counting argument, we 
have /“"'°(<So) = {<So} for some no G N. Hence by Proposition 13.61 we have 
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fif = ■Sso)/d^"'° = 6so weakly on 

and J(/) = supp/ij = {iSq}. In particular, f~^{So) = {iSq}. 

4. Proof of Theorem [T] 

Let K be an algebraically closed field that is complete with respect to a 
non-trivial absolute value | • |. Let f & K(z) he a, rational function of degree 
d > 1. 

4.1. Proof of the first two assertions. Fix a lift T of / normalized so 
that gp = gf on = P^(iL). Then, for every n G N, = ((T’^)o, (T”)i) 
is a lift of /”■ satisfying that gp^ — 9f" — 9f 

Notation 4.1. Set do := (/*(5oo)(P^ \ {oo}) and di := {f*6o){P^ \ {oo}). 
These numbers equal the degrees of Fo{l,z),Fi{l,z) G K[z\, respectively. 
For every n G N, let Cq" , cf" G iL \ {0} be the coefficients of the maximal 
degree terms of (T"’)o(l,^), {F'^)i{l,z) G K[z], respectively. 

For an arbitrary probability Radon measure p whose support is in P^ \ 
{oo}, we denote Poop and loop by pi, and respectively. 

Lemma 4.2. If oo € F(/), then 

(4.1) =-2- 5 /( 00 ) >-oo, 

(4.2) = 9f - log[-, oo]can + ou P\ and 

(4.3) 4>g^(-,oo) =on P^ 

Proof. If 00 G F(/), then supp/i/ = J(/) C P^ \ Hoo and 0 = Vgj. = 
/pixpi ^gfd{pf X Pf) = Igj - 2 ■ /pi(5/ - log[-,oo]can)d/i/, so that 1^^ = 
2'/pi(5/-log[-,Oo]can)d^/, which with 0 = =/»^^-(5/-log[-, Oo]can)- 

fpi(9f - log[-,oo]can)d/i/ on P^ yields (g^])- By gj]) and log[z,oo] = 
log[2;,0] - log l^l on \{oo}, we have 5/(00) = limz^oo((p^f(z) - log \z\) + 
log[2;,0]) — Igf/2 = —Ig^j2, so g.lll holds. By (14.ip and (14.211 . we have 
4>g^(-,oo) = log[-,oo]can-5'/-5'/(oo) = (“Fn/+ 4/Z^) + 4/= -Pnf+Ifif 
on P^, so g3D also holds. □ 

Lemma 4.3. If oo € F(/), then 

(4.4) log |Fo(l,-)|oO = d- Pgj - PgjO f - {d- l)Igf/2 
on P^ \ ({ 00 } U f~^{oo)). 

Proof. By [z,oo] = 1 /||( 1 , 2 ;)|| on P^, we have 

Tp = log 11(1,/(z)) II + log |Fo(l, 2^)1 -d-log||(l,^)|| 

= -log[/(-),oo] +log|Fo(l,')l + d-log[-,oo] 

on P^\({oo}U/“^(oo)), and in turn on P^\({oo}U/“^(oo)) by the density of 
P^ in P^ and the continuity of both sides on P^\({oo}U/“^(oo)). By this and 
g2]), we have d- ( 5 /-log[-, oo]can)- ( 5 '/o/-log[/(-), oo]can) = log |Tb(l, Oloo 
on P^ \ ({ 00 } U /“^(oo)), which with (14.211 yields (|4.4I1 if 00 G F(/). □ 

Lemma 4.4. // 00 G F(/) and /(oo) = 00 , then 

(4.5) log|cf| = -(d-l)4,/2. 
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Proof. If /(oo) = oo, then F{0, 1) = (0, cf), so that by the homogeneity of 
F, for every n € N, F"’(0,1) = (0, (cf Hence 


5 /(oo) 


lim 

n—)-oo 


Tpn (CSO) 

If 


lim 

n^oo 


log 11 ^^ 0 , 1)11 
dF 


log 11(0,1)11 


log |cf 
d-l 


which with (|4.ip completes the proof if in addition oo € F(/). 


□ 


When oo G F(/) and f{Doo) = ^oo, note that by we have 

(4.6) ^gf{S,S') =\og\S - S'\oo-Pfif{S) - p^^{S') + on X 
and 

(4.7) ^>(/,Id)g^ = log 1/- Id|ooo /on P\ 

and that by supppf = J(/) C P^ \ Hoo and M, there is the unique 
equilibrium mass distribution = ^oo,p^\Dao on P^ \ Hoo- If in addition 
/^/ = 1^00 on P^ then we have not only = p^^ > on Doo but, 

by the continuity of pg_j on P^ \ {oo} (see (IO]) b also pg,^ = pu^ = ly^ = 1 ^,^ 
on P^ \ Doo', in particular, by (14.41) . 

(4.8) log|Fo(l,-)|oc = (d-l)4,/2 on pi\/-i(77oo) and 

(4.9) log |Fo(l, Olood/i/ = {d- l)4j./2. 

The latter is equivalent to 

(4.10) log \4\ = - [ Pf,,d{r6oo) + {d- 1)4,/2. 

./Pi\{oo} 

Proof of “(Iii])=)>(Ii]) when / has no potentially good reductions”. 

Suppose that oo € F(/), that /(oo) = oo, that pf = Pqo on P^, and that 
/ has no potentially good reductions. Then /(Hoo) = Doo- Without loss 
of generality, by ()4.5I) , (a) in Remark 12.61 and Facts 13.21 and 13.31 we can 
normalize / so that 

= luao ~ O' 

Claim 1. /~^(oo) C Doo- 

Proof. Suppose to the contrary that /“^(oo) \ Dqo ^ 0- Then do > 0- 
Let Uoo be the component of {5 G P^ : 40(1)5)100 ^ 1} containing oo, 
which agrees with {<S G P^ : |Fo(l,5)|oo > !}• Under the normalization 
4, = 0, by (j4.8p . we have Uoo C f~^{Doo), and then Uoo C Doo- For 
every w G /“^(oo) \ Doo, let Uw and D^ be the component of {<S G P^ : 
|Fo(1)5)|oo < 1 } containing w and the component of f~^{Doo) containing 
w, respectively, so that for every w G f~^{oo) \ Doc, we have dU^ C dUoo, 
Doo n = 0, and U^ C D^ by (|T8ll . 

We first claim that for every w G /“^(oo) \ Doo, Uw = Dw', otherwise, 
we would have dUw H Dw / 0, so that Uoo H Dw 7 ^ 0 by dUw C dUoo, 
which with Uoo C Doo contradicts Doo H Dw = 0- We next claim that for 
every w G f~^{oo) \ Doo, dUw C dDoo', otherwise, by U«,e/-i(oo)\Ooo 
dUoo C Doo, there must exist w G /“^(oo) \ Doo such that Doo H dUw 0, 
so that Doo n 7 ^ 0, which with Uw C Dw contradicts Doo H Dw = 0. 
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Suppose first that K is non-archimedean. For every w G /“^(oo) \ Doo, 
Dui = Uuj is a Berkovich open disk in (by Fact 12.21) . so by f{Dw) = D^o, 
we have dDoo = f{dDw) = {<Soo} for some Soo G which with D^i = 
and dUuj C dDoo also yields dD^ = {>Soo}- Recall that up = fif on 
Pi, so that (J(/2) = J(/), F(/2) = F(/), and) D^{f) = DM- Fix¬ 
ing w G /“^(oo) \ Doo and applying the above argument to and every 
w' G f~^{w){c /“^(oo) \Doo by /(-Doo) = -Doo), we still have = 

{5oo}, where D^) is the component of f~^{Doo) containing w', or equiv¬ 
alently, that of f~^{Dw) containing w'. Then f~^{SoQ) = f~^{dDw) C 
i‘2') 

~ {‘^oo}, which contradicts that / has no potentially good 
reductions. Now the proof is complete for non-archimedean K. 

Suppose next that K is archimedean. Under the assumption /“^(oo) 
Doo, we have f~^iDoo)\Doo / 0 , and then f{f)\f-^{Doo) 7 ^ 0 by /(T>oo) = 
Doo- By ([TBD . we also have F(/) \ f~^{Doo) C {*S G : |Fo(l,-)|oo = !}• 
Since the interior of {5 G P^ : |5|oo = 1} is empty for archimedean K, this 
contradicts the fact that Fb(l, •) is an open endomorphism on P^ by do > 0 , 
and the proof is complete for archimedean K. □ 


By (I4.inp . ClaimlH andp^^. > 0 on Doo (under the normalization = 0), 
(4.11) \4 1 < 1. 


Claim 2. (supp[/ = Id]) \ { 00 } C P^ \ Doo- 

Proof. We start by proving that /pi\{oo} P/i/d)/ = Id] = 0 (under the 
normalization 1^^ = 0). Recalling the assumption /(oo) = 00, we set 
A := /'(oo). Then jA] < 1; indeed, if d—1 > do, then, equivalently A = 0, and 
the inequality is obvious. If do = d — 1, or equivalently, A 7 ^ 0, then by (14.51) 
and (14.111) . we also have Jl/A] = lim^_>.oo |/(•^)/•^| = |cf l/Jc^J = l/|c^| > 1- 
Hence for every n G N, we have (/"■)' (00) = A”' 7 ^ 1, or equivalently, 
ordoo]/"' = Id] = 1, and then 


log 1 A"' — 11 = lim log 

UI—>0 


= lim log 
w^O 


i/(r(i/w))-o-(w-o) 


= lim log 

^->■00 [z, oo] 


w — 0 
[i/{ni/w)),w] 
[w,0] 
[nz),z] 


(by /”(oo) = 00 ) 


(by m{z) := Ifz G Ur) 


= lim {<^g {p{z),z) - ^gJz,oo)) (by /”(oo) = 00 ) 


= lim 


^gfiz, •)d[/"' = Id] (by (|3.6p applied to 


z^oo Jpl\^oo} 

: / $,,(oo,-)d[/" = Id] 

dpl\{oo} 


[ Pgfdir = Id] (by (I331)). 

dpl\{oo} 
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This with > 0 on P^, supp[/ = Id] C supp[/"' = Id], and |A| < 1 yieids 


0 < 




P^^f^[f = Id] < iim 

n —Vcv~) 


lp^\{oo} 


p^^dir = Id] 


= — iim iog |A” — 1] = — iog jo — 1] = 0, 


that is, /pi\{oo} I^/^/d]/ = Id] = 0 . Once this equaiity is at our disposai, 
recaiiing that > 0 on and that = 0 hoids oniy on P^ \ D^o, we 

have (supp[/ = Id]) \ {oo} C P^ \ Doo- D 

Let us compiete the proof of “([n|)=>(Iil) when / has no potentiaiiy good re¬ 
ductions”. Suppose to the contrary that do > 0. By the assumption /(oo) = 
oo, / satisfies di = d > and deg^^ f = d — do, and satisfies /^(oo) = 
oo, deg^if) = {d-dof, deg((F2)i(l, ■)) = d^, and deg((F2)o(l, •)) = 
((/^)*doo)(P^ \ {oo}) = d? — {d — do)^; in particuiar, we must have 

(4.12) deg((F2)i(l, .)To(l, •)) - deg(Fi(l, •)(i"')o(l, 0) 

= d • do • (do — d) < 0. 

Recaii that pp = pf on P^, so that (J(/^) = J(/), F(/^) = F(/), and) 
Dooif'^) = Dooif)- By [/2 = /] = /*[/ = Id] on P^ and Claim El we have 
supp[/^ = /] \ {oo} C \ Doq){C P^ \ Doo by /(L>oo) = L’oo)- Hence, 

under the normalization = 0 , we have 

0 = ^1 ^(/, Id)g^d/i/ (dSTD) 

= / log 1/ - Idjood^/ (by (021) and /*/// = /i/) 
dpi 

= [ log|/^ - Zlood/i/ (by/*/!/ =/!/) 
dpi 

= [ log|(F2)i(l,.)To(l,-)-i"i(l,-)(I"')o(l,-)loodM/ 
dpi 


/pi 


log|(F^)o(l,-)|ood/r/- [ log|Fo(l,-)lood/r/ 

dpi 


= / log|(F2),(i,.)Fo(l,.)-Ti(l,-)(T2)o(l,-)lood/i/ 
dpi 

(by (|4.9I) applied to / and /^) 


L 


PfMfdif = f] + log jcf ■ 1 (by ( | 4.12p ) 

/pl\{oo} 

= log jc^l (by supp[/^ = /] \ {oo} cP^\Doo and (03])), 
which contradicts (|4.1ip applied to (and F^). 


□ 


Proof of for archimedean iL”. It is clear that (lniP <^ (|ii]l no 

matter whether K is archimedean. Let us show dmP^duP for archimedean 
K, using “(jii])^(ji|) when / has no potentially good reductions”. Suppose 
that oo € Doo, that f{Dao) = D^o, that pf = z^co on P^, and that K is 
archimedean. Then K = C and P^ = P^, so in particular J(/) = J(/) nP^, 
and / has no potentially good reductions. 
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Claim 3 (see m p. 253]). i^/(oo),Doo — M/ on 

Proof. For every continuous function h on c?Doo = suppi^co = supp^uj = 
J(/), the generalized Poisson integral z i-a {PDoc,h){z) ■= Jgj^ hdvz,Doa on 
Doo is the unique solution Hjg^h of the Dirichlet problem given h and -Dqo 
( cf. [Ml §4.1, §4.3]), so that PD^{f*h) = f*{PD^h) on D^o, or equivalently, 
= {PD^U*h)){-) = {PD^h){f{-)) = on 

Doo- In particular, /*(z^oo) = i^f{oo),Doo which with the assumption 

/^/ = ^oo on and the /-invariance of /// completes the proof. □ 

Claim 4. If /(oo) / oo, then we have \ D^o C {z € : \z — /(oo)| = 


Proof. Suppose that /(oo) ^ oo, or equivalently, that do = d. Then for every 
a e P^\{oo,/(oo)}, we have deg(Fi(l, •)-a-Fo(l, •)) = if*^a)iP^\{oo}) = 
d, and the coefficient of the maximal degree term of Ti(l, •) — o • Fb(l, •) 
equals c^(/(oo) — a). Hence, for every z € P^ \ Doo{C P^ \ {oo,/(oo)} by 
f{Doo) = T>oo), we have 


I/if — P (^y PgfWf — ^ ^ ) 

^ jpi + 


= / log \z - -lood/// (by dMD and on P^ \ Doo) 

./pi 

= / log !/(■) - z\oodfif (by /*^/ = Hf) 

/pi 

= [ log|Ti(l,-) - 2 • Fo(l,-)|ood/r/- / log|Fo(l,-)|ood/i/ 

= log |Ti(l, ■) -z- Fo(l, Olood/i/ -{d- l)4^/2 (by (02])) 

= [ Ptifd{f*Sz) + log\cQ{f{oo)-z)\-{d-l)If, /2 

/pi\{oo} 

=d- -Mog|c ^(2 - /(oo))| - (d- l)4^/2 (by /"^(z) G P^ \Zloo), 

which completes the proof. □ 


Let us complete the proof of “(lnil)=^ ([iil) for archimedean K”. Suppose 
to the contrary that /(oo) ^ oo. Set m{z) = lj{z — /(oo)) € PGL{2, K). 
Recall that fip = fij on P^ and that (J(/^) = J(/), F(/^) = F(/), and) 
Dooif) = DMi= Doo). 

If also /^(oo) 7 ^ oo, then we can apply Claim [4] to both / and /^, so that 
since ff{P^\Doo) > #/(/) = +oo (see Remark f3.ip . we have /^(oo) = /(oo), 
that is, /(/(oo)) = /(oo). By this, Claim[31 (c) in Remark [2. 6 1 and Fact 13.31 
we can apply “(jn|)=>([i])” to mof om~^ G P{z), so that mof om~^ G K[z\. In 
particular, (mo / om“^)“^(oo) = {oo}, or equivalently, (oo g)/“^(/(oo)) = 
{/(oo)}, which contradicts the assumption /(oo) ^ oo. 

Hence we must have /^(oo) = oo, and then also /^(/(oo)) = /(oo). 
By /^(oo) = oo, we can apply “(jn])^(ji|)” to /^, so that /^ G K[z\. By 
/^(/(oo)) = /(oo). Claim O (c) in Remark 12.61 Fact 13.31 we can also apply 
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“©^dlD” to m o o m ^ € K{z), so that m o o m ^ G K[z]. Hence 
/^(z) = /(oo) + a{z — /(oo))'^^ G K[z] for some a & K \ {0}, which with 
the assumption /(oo) ^ oo implies that f(z) = /(oo) + b{z — /(oo))“'^ for 
some b G -fC\{0} satisfying 6^“'^ = a. Then F(/) must consist of exactly two 
components, one of which is Doc and the other, say Dff^oo)-, contains /(oo). 
Then /(Doo) = Df(^oo)-: which with the assumption /(T>oo) = Doc implies 
Doc = Dff^oo)- This is a contradiction. □ 

4.2. Proof of “([i])^(Iiil) no matter whether / has no potentially good 
reductions”. Suppose that f{z) G K[z\. Then /(oo) = oo G F(/), and by 
/“^(oo) = {oo}, we even have /(P^ \ Doc) C \ Doc- Set T(po,Pi) := 
(Po,Po ■ fiPi/Po)) G K\po,pi]d X K\po,pi]d., which is a lift of / (but gp does 
not necessarily coincide with gf). For every n G N, F^{l,z) = (l,/”'(z)) on 

\ (oo), so that Tp„ = - log[/”'(-), oo]can + dP ■ log[-, oo]can on P^ \ {oo}, 
and in turn on by the density of P^ \ {oo} in and the continuity of 
both sides on A^ Hence gp = - lim„^oo(log[/"■(•), oo]can)/d"' + log[-, oo]can 
on A\ so that by inf^gpi^^,^ [<S, oo]can > 0 and /(P^ \ Doc) C P^ \ T>oo, we 
have gp = log[-, oo]can on P^ \ Doc This with (14.211 and g/ = gp + Tp/2 on 
P^ implies that = Vp/2 + on P^ \ Doc, and then by supppj = 

J(/) C P^ \ Doc, we indeed have p^j = p^^d/i/ = /pip^^dp/ = 1^^ 

on P^\Doo- By this and supp Voc C P^\L>oo, using Fubini’s theorem, we have 
Iflf = fpl\^£)^ Pflfdiyoo = fpl P/lfd-l^OO = fpl Pl^oodpf ^ /pi luaod-Pf = luoc,: ®0 
that P/ = 1^00 on P^. □ 

Now the proof of the first two assertions in Theorem [T] are complete. 

Remark 4.5. For non-archimedean K, (InH) does not necessarily imply (juj) 
in Theorem [H even if / has no potentially good reductions. Consider the 
following example: Suppose that K is non-archimedean, and set f{z) = 

+ c G K[z]. Then /(oo) = oo G F(/) and, moreover, p/ = Voo on P^ by 
(0)^(1111) (no matter whether / has no potentially good reductions). We can 
fix c G iF so close to oo that J(/) n / 0, so that / has no potentially 
good reductions (by Remark 13.911 . We can also fix zq G Doc Cl K so close 
to oo that i^zo,P^\Dao ~ on P^ (by Fact 12.711 and that f{zo) ^ zq. Set 
m{z) := l/{z — Zo) G PGL{2, K) and (j){z) := {mo f om~^){z) G K{z). Then 
4> still has no potentially good reductions (by Fact 13.211 and, by zq G Dodf), 
f{Doo{f)) = Doo{f)i and m(F(/)) = P{(t>) (see Fact I3.3jl . we have oo G F(^) 
and 4>{Doo{(f))) = Doo{4>)- Furthermore, by Fact 13.31 and (c) in Remark 
ERl we also have = m^{pf) = = i'co,p\d^{cI,) on P^ 

However 4>{oo) 7 ^ oo by f{zo) 7 ^ zq. 

4.3. Proof of the final assertion. If / has a potentially good reduction, 

then fif = 6so on P^ and J(/) = {iSq} for some Sq G FI^ (see Remark l3.9p . 
so that 00 G F(/). Moreover, z/qo = (by Example 12.8p . □ 
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